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Highlights 
 Contact angle (CA) of floating spheres is not constant. 
 CA hysteresis occurs randomly due to small-scale surface roughness. 
 CA is reliably determined by the meniscus method.  
 The force analysis method over-predicts average CA of floating spheres.  
 CA distribution impacts the stability analysis of floating spheres. 
  
2 
 
Contact angle variation on single floating spheres and its impact 
on the stability analysis of floating particles 
Dong-xia Feng, Anh V. Nguyen 
School of Chemical Engineering, The University of Queensland 
Brisbane, Queensland 4072, Australia 
 
ABSTRACT 
The contact angle (CA) as a measure of surface hydrophobicity is of scientific and 
technological importance for many wetting and dewetting processes. CA hysteresis (i.e., the 
difference between the advancing and receding CAs) due to roughness on a flat surface has 
been recognized but is not considered in the stability analysis of floating particles. In this 
study, the CA of single floating spheres at the air-water interface was determined directly 
from the deformed meniscus by applying a new method recently developed by our team 
(Feng, D.-x. and Nguyen, A. V., 2016. A novel quantitative analysis of the local deformation 
of the air-water surface by a floating sphere. Colloids and Surfaces A: Physicochemical and 
Engineering Aspects, Vol. 504, pp. 407-413). The experiments for each of the single spheres 
were repeated to estimate the variation in the CA. The experimental results show a normal 
distribution of the CA. The CA hysteresis occurs randomly because of the dispersion of 
small-scale surface roughness. This random hysteresis substantially affects the stability 
analysis of floating spheres. The analysis also shows that the CA determined by the force 
balance method (valid for ideally smooth surfaces) yields higher values than those 
determined on the basis of the deformed meniscus around the particle. This difference is 
attributed to the effect of surface roughness on the CA hysteresis, which should be considered 
in analyses of the stability and detachment of floating particles. 
Keywords: contact angle hysteresis; air-water interface; surface roughness  
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1. INTRODUCTION 
Floating spheres at the air-water surface are primarily supported by bouyances and 
capillary forces, and have been analyzed and quantified using the contact angle (CA) [1-2]. 
Recently, it is shown [3] that the pinning of the contact line at the sharp edge on spheres, 
known as the Gibbs inequality condition (GIC), can significantly change the CA from the 
receeding CA to the advancing CA, and thereby controls the stability and detachment of 
floating spheres. Truncated spheres with different angles of truncation were used to examine 
the effect of the GIC on the CA and the stability of floating spheres. The GIC could become 
the determining factor in invalidating the classical theories on the floatability of spheres. 
Similarly to the effect of the GIC on the CA and the stability of floating spheres, we show in 
this paper that the change in the CA by small surface roughness of millimeter spheres 
(macroscopically smooth under examination by optical microscopy) can also be significant in 
the stability analysis of floating spheres. 
As the primary parameter used to interpret the wettability and hydrophobicity of a 
surface, the CA plays a substantial role in many industrial processes, including flotation, 
liquid coating and printing [4-7]; intensive attention has thus been devoted to CAs since the 
early nineteenth century. Young developed a well-recognized relationship between the 
surface tension/specific surface energy and the CA [8]. CA measurements can be easily 
performed on an ideal flat surface. Normally, the CA of a liquid drop on a solid surface is 
defined by the mechanical equilibrium of the drop under the action of three interfacial 
tensions/energies for the three phases involved.   
Techniques for measuring CA fall into two main groups: the direct optical method and 
the indirect force method [9]. The direct optical method involves measuring the CA through 
optically imaging and analyzing the contact point subtended by a drop or a bubble on a solid 
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surface. By contrast, the indirect force method involves determining the CA through 
measuring the wetting forces along the perimeter of a shaped object as it is immersed into or 
extracted from a liquid. However, CA measurement methods are limited with respect to 
geometry because most of these techniques are conducted using a planar surface (the sessile 
droplet technique) or a well-defined sample such as a plate or tube with known dimensions 
(the Wilhelmy plate technique). 
If the characterized solid surface is ideal (i.e., rigid, flat, smooth and chemically 
homogeneous), then measurement and interpretation of the CA would be straightforward in 
that it would simply correspond to the CA of the well-known Young equation. However, 
most real surfaces are rough and heterogeneous to some extent [10]. In the case of such 
surfaces, the only measurable value is the apparent CA, which may differ substantially from 
the ideal CA. Wenzel and Cassie proposed popular approaches to interpreting the measurable 
apparent CA on a flat surface by combining the Young equilibrium CA with surface 
roughness factors and chemical heterogeneity factors. The Wenzel CA is interpreted by 
including the roughness ratio, cos cosw Yr  , where w  and Y  are the apparent and 
Young equilibrium CAs, respectively, and r is defined as the ratio between the true and 
apparent surface areas of the solid [11]. Cassie’s equation is applied to porous surfaces or 
chemically heterogeneous flat surfaces, 1 1 2 1cos cos cosc Y Yf f    , where 1f  and 2f  are 
the area fractions of materials 1 and 2 [12]. Although the literature contains extensive 
evidence demonstrating the validity of these equations, debates over the range of applicability 
of the Wenzel and Cassie theories have periodically arisen. Many researchers have proposed 
that Wenzel’s and Cassie’s theories are applicable only to evenly distributed rough and 
heterogeneous surfaces and thus require modification in most real cases [13-16].  
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As techniques and advanced equipment develop, novel methods are being introduced to 
measure the CA of individual particles to explore the behavior of single particles and physical 
contact down to the fundamental theoretical level. The CAs of an individual spherical 
colloidal particle can be determined using atomic force microscopy (AFM) through analysis 
of the interaction forces, as reported by Ducker et al. [17], Preuss and Butt [18-20], and 
Ralston et al. [21]. These works indicate that AFM appears to be a useful tool to determine 
the CA for single particles and can provide valuable insight into intermolecular forces. 
However, the analysis involves several assumptions and ambiguities and the measurements 
themselves require a complicated experimental setup and calibration. Hence, interaction-
force analysis by AFM is an unpopular method for CA determination, as explained by 
Johnson et al. [22].  
Individual particles located at a gas-liquid interface have been analyzed by many 
researchers, including Nguyen and Schulze [23]. The weight of the particles is balanced by 
the adhesive force consisting of surface tension forces, buoyancies, and the hydrostatic 
pressure force. The CA is an important factor in determining the adhesion strength of the 
floating particles. In this paper, we adopt a newly developed methodology to determine the 
CA by fitting the experimental meniscus profile by solving the Young-Laplace equation 
(YLE) [24]. This method captures the physics of meniscus deformation and is accurate 
compared to other direct optical methods used to determine the CA of individual floating 
spheres. Our results show that the value of the CA varies along the contact line in the real 
case, even for surfaces with nanoscale roughness. Understanding the variation of the CA is 
important for better understanding the floatability of multiple particles at gas-liquid interfaces, 
as demonstrated in the latest literature [3].    
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2. EXPERIMENTAL METHOD 
2.1 Materials 
Small borosilicate glass beads (Sigma-Aldrich, Australia) were used as the model 
spheres in the experiments. The beads were thoroughly cleaned in a laminar flow cabinet, 
where they were soaked in alkaline cleaning solutions prepared from potassium hydroxide, 
water and ethanol (12.5:16:80 mass ratio) and then vigorously rinsed many times with 
deionized (DI) water. The DI water was freshly purified using a setup consisting of a reverse 
osmosis RIOs unit and an Ultrapure Academic Milli-Q system (Millipore, USA). The surface 
tension of the DI water was approximately 0.072 N/m, and this value was used for the 
calculation. To increase the hydrophobicity of the spheres, the cleaned spheres were esterified 
in 1-octanol for 4 h [25], washed with acetone, and dried in a clean-air-flow cabinet. 
2.2 Determination of contact angle   
A cubic transparent container with a suitable volume of water was used to form a stable 
air-water interface. A single sphere held with tweezers was advanced very slowly to the air-
water interface and was freed from the tweezers when its bottom first touched the interface; it 
could float because of the capillary effect and because of its relatively high hydrophobicity. A 
high-resolution macro-camera was mounted onto a stable tripod attached firmly to an 
antivibration table to control the accuracy of this procedure. The camera was also used to 
capture the images of the floating sphere using a lighting source of uniform light beams on 
the other side of the camera. After the pictures were taken, the single sphere was carefully 
removed by two pipets and dried under the clean air flow in a clean dish. Replicate 
measurements were conducted with the same sphere several times. The images were 
processed in Matlab following the novel procedures described in a previous study [24]. The 
physical coordinates and scales of the meniscus profile were obtained by scaling the pixel 
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data with the real sphere radius. A novel algorithm for solving the YLE was applied in the 
nonlinear regression analysis to best fit the meniscus coordinates using the Levenberg–
Marquardt algorithm, which minimized the sum of the residuals between the experimental 
and predicted heights of the meniscus. By this procedure, the CA between the deformed 
meniscus and the spherical surface was determined accurately.  
3.  RESULTS AND DISCUSSION  
3.1 Variation of contact angle on single spheres  
Figure 1 shows an example of the comparison between the experimental and modeling 
results for a profile of the air-water interface deformed by a floating sphere. The deformed 
profile of the air-water interface was obtained by a novel procedure that involved solving the 
YLE and numerical fitting [24]. The CA was determined with high accuracy. The CA value 
of the single floating sphere varies within a range, as shown in Figure 2. The scattered data 
were statistically processed to produce a distribution. A suitable binning of the data was 
found using the histogram function of Matlab. The distribution of the CAs is shown in Figure 
3. With further analysis, this variation of the CA was found to follow a normal distribution 
described by the following probability distribution function:  
 
 
2
2
1
exp
22
f
 

 
  
  
  
  (1) 
where 83.684 deg   and  
22 5.711 deg   are the mean and variance of the distribution, 
respectively. The numerical values for the mean and variance were obtained using the fitdist 
function of Matlab.  
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Figure 1. Fitting results (red circles) for the air-water interface deformed by a sphere with a 
diameter 2   3 mmpR   and a contact angle   = 75.346 deg. 
 
 
Figure 2. Experimental results for the contact angle of a single floating sphere with diameter 
2 3 mmpR  . 
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Figure 3. Distribution of the contact angle obtained by repeated measurements for a single 
sphere with diameter 2  3 mmpR  . The column chart shows a histogram of the results 
shown in Figure 2. The curve shows the probability density function described by Eq. (1).  
 
 
Figure 4. Correlation between the contact angle and angular position of the contact point,
 asin /tpc pr R  , where tpcr  is the measured radius of the contact point.  
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As concluded from the previously reported research, no simple correlation exists 
between a single physical parameter and the CA because the CA is influenced by numerous 
factors, including the particle size and surface properties. In the case of a single particle 
floating on the free water interface, the information of a contact position on the sphere can be 
determined by  asin /tpc pr R  , where tpcr  is the measured radius of the contact point. In 
Figure 4, we plot the correlation between the CA and the angular position of the contact point. 
This result demonstrates a linear relationship between the CA and the angular position of the 
contact point, which is described by the equation 0.972 20.423   , where the angles are 
given in degrees. Moreover, CA hysteresis is evidenced as a CA variation spanning a wide 
range. This result is significant for the analysis of the stability of the floating sphere because 
the CA no longer has a fixed (constant) value (independent of the contact position) as 
assumed in the available theories. This aspect will be further discussed in the Section 3.3.     
3.2 Comparison with contact angles determined by the force balance method  
For particles floating on a free liquid surface, a balance exists between the gravitational 
and supporting forces. The available theories show that the capillary force, which is a 
function of the CA and contact position, can play a substantial role in stabilizing floating 
particles. The available theories [23] yield the following balance equation for the forces 
exerted on the floating sphere at the air-water interface: 
   
3 3
2
3
4 2 3cos cos
2 sin sin sin
3 3
p
p p p
R g
R R H g R g
   
         
 
     (2) 
where many parameters are defined in Figure 5, 
pR  is the particle radius, and is the particle 
density;  is the depth of deformed meniscus, which is obtained by solving the YLE [24]. 
Briefly,  is also a function of contact position and CA: 
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( , )H f      (3) 
An example of the available prediction for H is given by the Derjaguin equation for contact 
points of small radii [20]:  
 
4 / / sin
sin sin ln 0.577
1 cos
p
p
L R
H R

  
 
  
   
   
, where 
 /L g    is the capillary length. In this paper, H was obtained by numerically solving 
the YLE [24]. 
 
 
Figure 5. Notations of a sphere located at an initially planar gas-liquid interface: is the 
angular position of the contact points,  is the inclination angle,  is the contact angle, H is 
the depth of the deformed meniscus, and  is the surface tension. 
By analyzing the images,  asin /tpc pr R   can be determined. Additionally, knowing 
the density and radius of the sphere, the water density and the surface tension, the CA was 
back calculated from Eqs. (2) and (3). Figure 6 compares the CAs determined by the 
deformed meniscus technique with those determined by the force balance method. 
Figure 6 shows that the CAs back calculated by the force balance method is 
systematically higher than the CAs determined by the deformed meniscus method. To 
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examine the reason for the difference between the two sets of CAs, we calculated the 
meniscus profile using the back-calculated CAs and compared it to the experimental profiles. 
The comparison shows that the meniscus obtained using the back-calculated CAs always 
overpredicts the experimental profile. An example is shown in Figure 7. This evidence shows 
that the CA back calculated by the force balance method is rather inaccurate and should not 
be used. 
 
 
Figure 6. Comparison of the contact angle values determined by the force balance method 
(red) with those determined by the deformed meniscus method (blue). 
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Figure 7. Comparison between the experimental meniscus profile:  y f x  (blue dotted 
lines) and the predicted profiles obtained by numerically solving the YLE using the boundary 
condition at the contact point,  / tandy dx    , where   is determined by the force 
balance method (red lines, top panel) and by the meniscus method (red lines, bottom panel). 
 
3.3 Impact of the CA variation in analyzing the stability of floating spheres 
On the basis of the conventional theory, the CA on a single floating sphere should be 
constant; also, only one CA corresponds to one contact position as per the force analysis. 
However, in this paper, we discover that the CA is neither constant for a single sphere nor the 
same for the same contact position. These findings display the complexity of the practical 
condition and demonstrate the CA hysteresis in a new perspective. A CA distribution is 
accepted to exist for different particles of the same size [26]. However, for a single particle, 
researchers do not consider the significance of the CA distribution and just take an average 
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CA to characterize surfaces and their interactions instead of taking the surface heterogeneity 
and CA distribution into account. For example, in the literature, the CA is considered a 
constant in the analysis of the stability of floating particles [23]. The stability analysis leads 
to the finding of the stable angular position, m , on the sphere surface that gives the 
maximum of the forces supporting the floatability of the sphere. For small particles, the 
capillary force described by the first term on the right-hand side of Eq. (2) is the dominant 
force, and the stability analysis requires that  2 sin sinp m mF R        is maximized. 
Because   is constant, the maximum condition leads to / 2m  . If the mean CA, 
83.684 deg  , as determined in this paper, is considered, the equation gives 
41.842 degm  . However, the CA on the sphere is also a function of  as shown in Figure 
4. The maximization of F  with 0.972 20.423    gives 45.463 degm  . This result 
shows an important effect of the CA variation on the stability analysis of floating spheres that 
has not been considered previously. The mean CA of the variation is still not sufficient for an 
adequate analysis of the particle stability.  
Our discovery here challenges the traditional methods that take only one CA to 
represent the hydrophobicity of a certain material. A possible reason for this phenomenon is 
the existence of an unevenly distributed surface roughness. As noted in the literature, even 
nanoscale roughness can cause CA hysteresis [27, 28]. Figure 8 shows that the roughness of 
the measured surfaces varies for different parts of the spheres, thus causing hysteresis to 
differing degrees. Accordingly, this hysteresis leads to the CA variation in even a single 
sphere. 
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Figure 8. AFM (atomic force microscopy) scanning results for the surface roughness of a 
sphere (with diameter 2 3 mmpR  ) selected randomly from the many spheres used in the 
experiments. 
 
4. CONCLUSIONS  
In this paper, we measured the CA of single floating spheres using a new method 
involving fitting the meniscus profile of the deformed interface. The results reveal that the 
CA is not constant and varies within a specific range and that a CA distribution exists, even 
for an individual sphere because of the surface roughness. On this premise, the conventional 
flotation theory is confronted with challenges on the analysis of the stability and detachment 
of floating particles. The challenge for the future is to be able to quantify the CA distribution 
with a statistical method and give an “explicit” CA that can be applied to practical cases 
according to the surface morphology and chemical heterogeneity.  
  
RMS = 16 nm RMS = 27 nm 
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